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Hierarchical Indicator Simulation is a “new” simulation method that uses an indicator

formalism. An initial grid of high values is eroded according to a sequential probabilistic
formalism. The procedure works hierarchically. The idea is to fix the nodes that are above
a higher threshold, so there is no need to simulate them at subsequent thresholds. There
are no order relation deviations. The nodes that are drawn to be below a higher threshold
constitute the “universe” for the next (lower) threshold. Only those nodes can now be
simulated. The nodes are selected to be below a threshold based on their probabilities
derived from indicator cokriging. The simulation switches nodes to the next threshold
until the right proportion is achieved. Every time a node is switched, the probabilities are
updated.

Some difficulties were found related to variogram reproduction, when the probabilities
are updated using indicator kriging. Indicator cokriging should solve this problem. There
are some other areas for improvement (1) CPU time requirements, (2) determining a con-
tinuous value beyond the indicator class specification.

1 Introduction

Indicator techniques have been widely used because they avoid the multiGaussian assump-
tion that most simulation methods require. They are much easier to apply than simulated
annealing, thus most practitioners have it as the only alternative approach to Gaussian
simulation.

Sequential Indicator Simulation provides a simulated value at every location, drawn
from a local uncertainty distribution, which is calculated by indicator kriging.

Indicator Kriging has the problem of not always satisfying order relations. This leads to
the requirement of making a posteriori corrections of the conditional cumulative distribution
function at every node.

The idea of simulating indicators hierarchically, starting at the highest threshold is to
avoid order relation deviations, and (more importantly) to be able to incorporate additional
multiple-points statistics.

The algorithm and some examples to illustrate the method are presented in the following
sections.

2 HISIM: the algorithm

The idea behind HISIM is to simulate one threshold at a time starting with the highest,
and freezing the values above the current threshold, so there is no chance of order relation



deviations when simulating the next threshold. The algorithm assigns a 0 or a 1 at every
node and at every threshold.

The simulation starts with all the nodes set to be above the highest threshold. The
probability of being above the highest threshold is given by the cdf value at that threshold.
This probability value is then assigned to all the nodes. These probabilities are then updated
by conditioning data, using Simple Indicator Cokriging, using the adjacent thresholds only.
Those probabilities are normalized to construct a cdf that represents the probability of being
below the current threshold. Using Monte-Carlo simulation a node is selected to be switched
to be below the current threshold (a probability of 1 is assigned to it). The probabilities for
the surrounding nodes are then updated by Simple Indicator Cokriging using the indicator
values for adjacent thresholds (since the probability at the location selected was switched
to 1). Only the nodes that can be switched are then taken into account to update the cdf
of probabilities of being below the threshold. Another node is selected via Monte-Carlo
simulation. This procedure is repeated until the right proportion of nodes is above the
corresponding threshold, i.e. the right proportions of nodes has not been switched.

For the next threshold, all the nodes that were not switched in the previous cutoff cannot
be changed since they are greater than the previous threshold and therefore greater than
the current one. The same procedure is applied again. This is repeated for all thresholds
until the last one is simulated.

At the end, every node falls in an indicator class. If there are n cutoffs, then there are
n+1 classes. A value within the class could be drawn, assuming some interpolation between
classes and extrapolation beyond classes, as is usual in Sequential Indicator Kriging. This
has not been implemented yet.

In point form, the algorithm proceeds as follows:

1. Assign to each node the probability of the threshold cdf.

2. Update the probability with the data available, by putting the indicator value at data
location, and updating the probabilities in the nearby nodes by Simple Cokriging.

3. Sum the probabilities of all nodes.
4. Draw a uniform random number in (0,1).

5. Visit nodes in order adding the probabilities until the partial sum is greater than the
product of the total sum of probabilities and the random number drawn.

6. Switch this node to be below the current threshold, by assigning a probability of 1.0
at the current threshold and allowing it to be switched in the next threshold. This
node can not be changed again at this threshold.

7. Update the probabilities of the nearby nodes by Simple Cokriging.
8. Update the total sum of probabilities.

9. Go to 4 and repeat until the right proportion of nodes for the current threshold has
been switched.



10. Go to the next threshold. The nodes that were switched in the previous threshold,
can be switched again. The nodes that were not switched are above the previous
threshold and therefore, above the current one. Repeat steps 1 to 9.

3 First Approach

The original approach considered Simple Indicator Kriging (instead of Cokriging). The
algorithm, although similar to the one proposed above, generated an interesting result: the
nodes in adjacent classes were, in general, not next to each other in space. As shown in the
following examples, for low thresholds, the variogram reproduction was not possible, since
once the higher thresholds had been simulated, the probability of having a node switched
right next to a node above a higher threshold was lowered by that “conditioning data” whose
value was zero. One would expect to have a high probability of having that node above the
current threshold, since the node next to it is high valued. This problem should be solved
by using the correlation between thresholds, which is not necessary in the case of Sequential
Indicator Simulation, since the values are drawn from the complete local conditional cdf.

Simple Indicator Cokriging is then proposed as a method to update the probabilities.
This requires the cross variograms for adjacent thresholds, which increases the inference
effort from modelling n variograms to n(n — 1)/2 variograms and cross variograms. To
overcome this excessive inference effort, a program will be developed to calculate based on
the Gaussian case, a covariance lookup table with variogram and cross variogram values for
the required thresholds. This table will be called by the main program, so there will be no
need to use the Linear Model of Corregionalization to model the spatial correlation of the
phenomenon.

3.1 A Simple One Dimensional Example

A simple example where the probabilities were updated using Simple Kriging is shown in
Figures 1, 2, and 3. The idea of this example is to illustrate the method. Although the
updated probabilities are not correct, since Cokriging should be used rather than Kriging,
the steps are the same and therefore the example is still valid to understand the procedure.

A one dimensional grid with 10 nodes is simulated hierarchically. Only one data value
is available, at node 4, with a value 0.98. Three threshold have been considered assuming a
uniform distribution between 0 and 1, i.e. the thresholds are equal to their corresponding
cdf values: 0.25, 0.50, and 0.75.

Not all the steps are shown, but the most important are there. It can be seen the way
the simulation progress, and the updating of the probabilities.

Initializing the nodes as “not simulated”, the probability corresponding to the higher
threshold (0.75) is assigned to all of them. Then, the conditioning data are incorporated,
and the probabilities are updated in the surrounding nodes (up to the range of correlation).
In this example that updating was done by Simple Indicator Kriging, but it should be done
using Cokriging.

The sum of the probabilities is calculated and a uniform random number in (0,1) is
drawn to pick the node that will be switched to the lower threshold. This node is picked
by standardizing all the probabilities by the sum, or equivalently, by comparing the partial



sum of probabilities with the product of the total sum, times the random number generated.
Once the partial sum is greater than this product, then this node is switched, by assigning
at the current threshold a probability of 1. In the example, the first node to be switched is
the node 1. Then, the probabilities have to be updated again in the surrounding nodes, by
Cokriging (in this example the updating was done using Kriging). This process is repeated
until the right proportion of nodes has been switched, i.e. until 25% of the nodes has not
been simulated. Those nodes are set to be above the current threshold. In the example,
the nodes 2 and 3 are above 0.75, and therefore their probabilities for lower thresholds are
also 0.

The second threshold starts with three conditioning data: the hard data and the two
previously simulated nodes that are now fixed. The algorithm proceeds in the same man-
ner: reset all probabilities to the threshold value, update by Cokriging, calculate the sum
of probabilities, and find a node to switch by Monte-Carlo simulation. Repeat until the
proportion of nodes above the threshold is right.

The last threshold (0.25) is simulated in the same way.

Two examples in two dimensions are presented to show the lost of correlation for low
thresholds due to the use of Kriging instead of Cokriging to update the probabilities.

3.2 Example 1: isotropic indicator variograms

A two-dimensional example was performed to see the variogram reproduction. A 50 by
50 grid was simulated unconditionally. 9 thresholds were used, all with the same isotropic
variogram model:

(h) = 0.15 + 0.85 - Sph(%)

Figure 4 shows a map of the simulation. Figure 5 shows the indicator variograms
reproduction. Variograms of the simulated values showed that lower thresholds were sim-
ulated with an increasing nugget effect. This is a consequence of updating using Kriging,
without accounting for the correlation between thresholds, that is inherent to regionalized
phenomena. It seems to be a lost of degrees of freedom, while the simulation advances, leav-
ing at the end, no choice to reproduce the variogram. In fact, the higher class appears with
the correct continuity. For lower thresholds, the algorithm tries to reproduce the continuity
in the space left by the previous threshold, by switching nodes away from the ones that have
a probability of 0 at the current threshold, i.e. the nodes fixed by the previous thresholds.
Since these probabilities are updated by Kriging, the are closer to 0 than those from nodes
far away from previously simulated nodes. Adjacent classes, that is, nodes falling above
adjacent thresholds, are uncorrelated with each other, not reproducing the cross correlation
that should exist. This generates a purely random distribution for the lowest thresholds.

3.3 Example 2: anisotropic indicator variograms

Another example was done using an anisotropy ratio of two (N30E direction) to one (N120E
direction). Ranges are 6 and 3 units respectively. The results are similar. The variogram is
not reproduced for low thresholds (Figures 6 and 7), because of the updating technique.



Threshold 0.75

'] |STEF’ 1: Set all probabilities at the threshold cdf

Node
1 2 3 4 5 6 7 8 9 10

Threshold

Probabiliies  0.75 0.75 0.75 0.75 0.75 0.75 0.75 0.75 0.75 0.75

Values

2 |STEP 2: Assign data to nodes and update probabilities
Node
1 2 3 4 5 6 7 8 9 10

T 075 0
[=}
=
73
Q050 0
=
[=
0.25 0

Probabilies  0.75 0.66 0.42 0
Values 0.98

0.42 0.66 0.75 0.75 0.75 0.75

3 |STEF’ 3: Switch a node based on (partial sum)>(total sum)*rand
Node
1 2 3 4 5 6 7 8 9 __10

e
2 o7t 0
2
@
Q050 0
=
[
0.25 0

Probabiliies  0.75 0.66 0.42 0
Values 0.98
Partialsum  0.75 141 1.83 --
>0.12?  Yes

042 0.66 0.75 0.75 0.75 0.75

225 291 3.66 4.41 516 591

STEP 4: Update probabilities to find next node to switch

Probabilies 1 0.77 045 0 0.42 0.66 0.75 0.75 0.75 0.75

4 |STEP 3: Switch a node based on (partial sum)>(total sum)*rand
Node
1 2 3 4 5 6 7 8 9 __10

2 orsi 0 1
2
@
L 050 0
=
[=
0.25 0
Probabilities 1 077 045 0 042 066 0.75 0.75 0.75 0.75
Values 0.98
Partialsum  --- 0.77 122 -- 164 23 3.05 38 455 53

>1.28? No No No No Yes

STEP 4: Update probabilities to find next node to switch

Probabilities 1 072 04 O 1 093 0.84 0.75 0.75 0.75

5 |STEF’ 3: Switch a node based on (partial sum)>(total sum)*rand

Node
1 2 3 4 5 6 7 8 9 __10

o o750 41 0 1 1
[=]
=
@
O 050 0
'
[
0.25 0

Probabilies 1 072 04 0 1
Values 0.98

072 112 - -

>1.367 No No No No

0.93 0.84 0.75 0.75 0.75

Partial sum ~ --- 2.05 2.89 3.64 4.39 5.14

No Yes

STEP 4: Update probabilities to find next node to switch

Probabilies 1 0.72 04 0 1 1 0.87 0.77 0.75 0.75

9 |STEP 3: Switch a node based on (partial sum)>(total sum)*rand
Node
1 2 3 4 5 6 7 8 9 10

2 o i 0 0 0 1 1 1 1 1 1
=
@
Q050 0 0 0
=
[=
0.25 0 0 0

Probabilities 1 072 04 0 1 1 1 1 1 084
Values 0.98

072 112 - -~ - - - - 1096

>1.457 No No No No No No No No No Yes

Partial sum —_

STEP 5: The right proportion of nodes is now at threshold 0.75.
Nodes that have not been switched are above the threshold 0.75.
Nodes that have been switched go to the next threshold.

Figure 1: HISIM - Higher threshold: cdf = 0.75




Threshold 0.50

1 |STEP 1: Set all probabilities at the threshold cdf

Node
1 2 3 4 5 6 7 8 9 10

2 ors|_a 0 0 0 1 1 1 1 1 1
<
73
Q050 0 0 0
<
=
0.25] 0 0 0

Probabilites 0.5 0 0 0 05 05 05 05 05 05
Values

2 |sTEP2: Assign data to nodes and update probabilities

Node
1 2 3 4 5 6 7 8 9 10

3 o4 0 0 0 1 1 1 1 1 1
<
n
Q050 0 0 0
=
=
0.25 0 0 0

Probabilites  0.31 0 0 0 031046 05 05 05 05
Values 0.98

3 |STEP 3: Switch a node based on (partial sum)>(total sum)*rand
Node
1 2 3 4 5 6 7 8 9 10

2 o7 1 0 0 0 1 1 1 1 1 1
<
[73
9 050 0 0 0 1
=
=
0.25, 0 0 0

Probabilites  0.31 0 0 0 031046 05 05 05 05
Values 0.98

Partialsum  0.31 - -~ -~ 0.62 1.08 1.58 2.08 2.58 3.08
>0.367? No No No No Yes

STEP 4: Update probabilities to find next node to switch

Probabilites  0.31 0 0 0 1 079 061 05 05 05

4 |STEP 3: Switch a node based on (partial sum)>(total sum)*rand

Node

1 2 3 4 5 6 7 8 9 10
2 o7t 0 0 0 1 1 1 1 1 1
<
[7]
L 050 0 0 0 1 1
F
[

0.25 0 0 0

Probabilites  0.31 0 0 0 1 079 061 05 05 05
Values 0.98

Partialsum  0.31 - - - - 11 171 221 271 3.21
>1.83? No No No No No No No Yes

STEP 4: Update probabilities to find next node to switch

Probabilies  0.31 0 0 0 1 085083 1 072 0.56

5 |STEP 3: Switch a node based on (partial sum)>(total sum)*rand
Node
1 2 3 4 5 6 7 8 9 10

2 ors i 0 0 0 1 1 1 1 1 1
<
73
O 050 0 0 0 1 1 1
=
=
0.25] 0 0 0

Probabilites  0.31 0 0 0 1 085083 1 0.72 0.56
Values 0.98

Partialsum 0.31 - - - - 116 199 -- 271 327
>2.387 No No No No No No No No Yes

STEP 4: Update probabilities to find next node to switch

Probabilites  0.31 0 0 0 1 083 081 1 1 07

7 |STEP 3: Switch a node based on (partial sum)>(total sum)*rand

Node
1 2 3 4 5 6 7 8 9 10

075 1 0 0 0 1 1 1 1 1 1

050 0 0 0 0 1 1 0 1 1 1

Threshold

Probabilites  0.31 0 0 0 1 083 08 1 1 1
Values 0.98

Partialsum  0.31 - - - - 114 194 -— - -
>0.85? No No No No No Yes

STEP 5: The right proportion of nodes is now at thresholds 0.75 and 0.50.
Nodes that have not been switched are above the threshold 0.50.
Nodes that have been switched go to the next threshold.

Figure 2: HISIM - Middle threshold: cdf = 0.50




Threshold 0.25

1 |STEP 1: Set all probabilities at the threshold cdf

Node
1 2 3 4 5 6 7 8 9 10

103 0.75| 1 0 0 0 1 1 1 1 1 1
<
3
O 050 o0 0 0 0 1 1 0 1 1 1
.C
=

0.25] 0 0 0 0 0

Probabilites 0 0 0 0 025025 0
Values

0.25 0.25 0.25

2 |STEP 2: Assign data to nodes and update probabilities
Node
1 2 34 5 6 7 8 9 10

% 075 1 0 0 0 1 1 1 1 1 1
<
[
® o050 0 0 0 0 1 1 0 1 1 1
'S
=

0.25) 0 0 0 0 0

Probabilites 0 0 0 0 012 012 0 0.14 022 0.25
Values 0.98

3 |STEP 3: Switch a node based on (partial sum)>(total sum)*rand
Node
1 2 3 4 5 6 7 8 9 10

T o7 d 0 0 0 1 1 1 1 1 1
<
n
© o050 0 0 0 0 1 1 0 1 1 1
£
=
0.25] 0 0 0 0 [} 1

Probabilities 0 0 0 0 012 012 0 0.14 0.22 0.25
Values 0.98

Partialsum  --- - -~ -~ 0.12 0.24 -- 0.38 0.6 0.85
>0.28? No No No No No No No Yes

STEP 4: Update probabilities to find next node to switch

Probabilites 0 0 0 0 007 005 O 1 0.63 0.38

4 |STEP 3: Switch a node based on (partial sum)>(total sum)*rand
Node
1 2 3 4 5 6 7 8 9 10

0.75 1 0 0 0 1 1 1 1 1 1

Threshold

Probabilites 0 0 0 0 0.07 005 0 1 063 0.38
Values 0.98

Partial sum ~ ---  --- -~ -~ 0.07 0.12 -- -- 0.75 1.13
>27? No No No No No No No No Yes

STEP 5: The right proportion of nodes is now at all thresholds.
The simulation is finished.

Figure 3: HISIM - Lower threshold: cdf = 0.25




HISIM 9 thresholds 50 x 50 grid
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Figure 4: Map of HISIM simulated values in a 50 x 50 units grid, using 9 thresholds, all
with the same variogram model (range = 5 units).

4 Discussion

HISIM is an alternative method to do Indicator Simulation. As a first approach, the method
was implemented using Kriging to update the probabilities, however this resulted in a loss
of structure at low thresholds because the cross correlation between thresholds was not
used as input in the algorithm. This problem can be solved by using Cokriging to update
the probabilities. This requires the cross variograms between adjacent threshold, which
will be calculated in a cross covariance lookup table, instead of using a Linear Model of
Corregionalization to model them.

CPU time is a concern, since the greater the range of the variogram, the longer it takes
the simulate a grid, since more updating is required for every simulated point. this should
be addressed once the algorithm itself work properly. Conditioning data are not a problem.
They can be used without interfering the algorithm.

The algorithm promises to be modified to incorporate multiple point statistics in the
form of runs, i.e. high order indicator covariances, which is the final goal of this research.
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Figure 5: HISIM - Variogram reproduction for 9 threshold.
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Figure 6: Map of HISIM simulated values in a 50 x 50 units grid, using 9 thresholds,
variogram with anisotropy ratio (ranges = 6 and 3 units).
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Figure 7: HISIM - Variogram reproduction for 9 threshold and anisotropy.
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